
JOURNAL OF

Journalof Geometryand Physics 11 (1993) 409—423 GEOMETRYAND
North-Holland PHYSICS

Searchfor minimal quantumgroupSUq(2)
gaugefield theory

I.Ya. Aref’eva

SteklovMathematicalInstitute, Vavilov 42, GSP-l, 117966,Moscow,RussianFederation

G.E. Arutyunov
MoscowState University, Moscow, RussianFederation

Different possibilities for the introduction of quantumgroupgauge fields are discussed.
The caseof the quantum group SUq(2) is consideredin more detail. We seek for a
constructionof the quantum group gauge fields which possessesa minimal setof usual
c-numberfields. It turns out that in this constructionthe componentsof the quantumgroup
gaugefield take valuesin the quantumEuclideanspace.

Keywords: quantumgroups, gaugefield theory
1991 MSC: 17 B 37, 81 R 50, 81 T 13

1. Introduction

Quantumgroupshavealreadymanifestedthemselvesasoneof thebranchesof
mathematicalphysicsandtheygive apowerful tool in investigationsof integrable
systems,conformal field theoryandthe theoryof braids [1—5].

One can also use quantumgroupsto constructa new classof modelswith
fields taking values in quantum spaces,quantumgroupsor quantumalgebras
[6,7]. This ideais relatedto thetreatmentof quantumgroupsasq-deformations
of usualgroups.It is temptingto speculatethat q-deformationsof usualgroups
couldbe appliedin thebuilding of realisticmodels.Many geometricalandalge-
braicnotionsof classicalgroupsadmit q-deformations.In particular,quantum
groupscanbe viewedas symmetriesof “q-deformed”vector spaces[1,5] and

thereexistsan analogbetweendifferential calculuson quantumspacesandon
quantumgroups [4,8].

Thereare two kinds of quantumgroup field model.Onedealswith the usual
space—timevariables(or space—timelattice), the otheris basedon noncommu-
tative space—time.A simple exampleof a quantumgroup dynamic systemis
classicalmechanicson a quantumline [9]. The correspondingquantumtheory
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is q-deformedquantummechanics[9,10]. Theconsiderationof noncommuta-
tive space—timeis relatedto theq-deformedLorentz [11—13]andPoincaré[14]
groups.

In this paperwe would like to discussthe ideaof constructingquantumgroup

gaugefield theorieson classicalspace—time[6]. This is a ratherpromising pro-
posalandapparentlythereareseveralpossibilitiesto realizeit. Thegeneralpoint
consistsin making gaugetransformationsbelonging to some quantumgroup.
Along this line onemaythink of globalas well as local transformations.We will

considersomegeneralaspectsof global transformations.
The majorquestionarising in treatinga quantumgroupas a symmetrygroup

is to understanda sequenceof gaugetransformations.The usual product of

two arbitrary transformationsis not an elementof the quantumgroup or, in
otherwords, the quantumgroup is not a group in the usual sense.However,
dueto the existenceof the Hopfalgebrastructureon quantumgroupsa natural
answerconsistsin consideringa specialclassof transformations.Eachof these
transformationscanbe seenas a matrix with noncommutingentriesbelonging
to somealgebraA. Thenthe productof two transformationsdefinesanelement
of the quantumgroupif all entriesof onecommutewith all entriesof the other.

Forexample,an elementof the quantumgroupSUq (2) is a 2 x 2 matrix of
the canonicalform:

g = (a ~c*) , a,cEA, (1)

with the unitarity condition
gg* = g*g = I. (2)

From the unitarity condition one gets the commutationrelationsbetweenthe

elementsa andc (seeappendixA). Thentwo SUq(2)-transformations

(a _qc* \ / (a’ _qc/*
g = ~ c a* ) and g = ~ ~ a’~

with the commutationrelations(A. 1 )—(A.5) give the SUq(2) transformation
g” = gg’ if

[g11,g~1]= 0 . (3)

Thesimplestwayof realizingrequirements(3) is to considerthe tensorproduct
ofg andg’.

Another questionone has to answeris the choice of gaugefields. This is
a nontrivial questionsince the relation betweenLie algebrasand Lie groups
becomesmoreinvolved for quantumgroups.As wasmentionedin ref. [6] there
areat leasttwo differentpossibilitiesto introducethequantumgroupgaugefield.
Roughlyspeaking,the first oneis closely relatedwith the q-deformeduniversal
envelopingalgebra,the secondis basedon differential calculuson quantum
groups. Note that only the gaugefield in a certaingaugeis meaningful. In the



I. Ya. AreJ’evaand G.E. Arutyunov/ Minimal quantumgroup gaugefield theory 411

first casethe field A~must havenontrivial commutationrelationswith group
elementsand in the secondone we shouldassumethat [g,J,A~,] = 0. But in
bothcasesone cannotthink of gaugefields as independentobjects,sincethey
haveto be attachedto somegauge.Let usview thesetwo possibilitiesin more
detail.

1. Thegaugefieldstake values in an analog ofthe Lie algebrafor quantum
groups. An appropriatedefinition basedon the exponentialmap was consid-
eredin ref. [6] for the quantumgroup SUq(2). In this constructionthe gauge
potentialhasthe form

A,~(x)=

where {E1} is the basisof the q-deformeduniversalenvelopingalgebra,l~are
the subjectof the quantumsuperplaneandthe commutationrelationsbetween
the elementsof the quantumgroupand l~arenontrivial [7]. To generalizethis
constructionto other groupsone has to build exponentialmapson them. In
section4 we presentthe exponentialmapfor the quantumgroupSOq(3,C).

2. Thegaugefield takesvaluesin the q-deformeduniversalenvelopingalgebra
Uq (g) ofa Lie algebra g:

A~(x)= ~ A~(x)’°~‘~t1 . . . tj.~ , (4)
Ifl,...

wheret, belongto the q-deformeduniversalenvelopingalgebra.In comparison
with theusualcase,whenA~,is anelementof theLie algebra,wehavean infinite
numberof componentfieldsA~(x)’~2”~~.However,in a givenrepresentationof

the q-deformeduniversalenvelopingalgebraoneneednot keepthewhole tower
in formula (4). For example,in the caseof the fundamentalrepresentationof
Uq (su(2)) it is enoughto considerfour-componentfields:

A~(x)=A~(x)®a,+A~°(x)®I. (5)

In (5) the fact is usedthat the fundamentalrepresentationof the q-deformed
universalenvelopingalgebraof su(2) canbewritten in termsof the a-matrices.
It is evidentthattheusualLagrangian£ = tr F,~,is invariantunderinfinitesimal
transformationswith gaugeparameterdecomposedas in (5). Thus onegetsthe
usual SU(2) ® U (1) gaugetheorywith onecouplingconstant.

One cango further andconsiderglobal finite transformationsbelongingto
the quantumgroup. Performinga global SUq(2) transformationwe see that
one cannotlet A~be c-numbersandone hasto assumethat the components
A~belong to some algebra B. For example, it is possibleto considera free
algebrageneratedby the elementsa,a*, c andc~modulorelations(A.l)—(A.5)
(seeappendixA) as B. However, such a constructionhasan infinite number
of usual c-componentfields. So it is natural to try to find someminimal set
B1, which is invariant undergaugetransformationsgeneratedby the elements
of the quantumgroup. Onesuch constructionhasbeenproposedby Isaevand
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Popovicz [15], who consideredthe gaugefield A~of the form (5) with gauge
potentialsA~obeying the Witten-typequantumalgebraUq(su(2)) [16]. To
write downa Lagrangianwhich is invariant underSUq(2) transformationsthey
introducedthe notion of the quantumtrace. Generallyspeakingthe Lagrangian
is a combinationof two terms,

ci trqF~,+ c2(trq F
1iv)

2 . (6)

Sincetrq F~,.~ 0 onegetsa theorywith two couplingconstants.The presence
of the secondterm may be connectedwith the Weinberg angle 0 and 0 =

(q’ - q)/(q~ + q) [15].
Unfortunately,the model (6) doesnot providethe usualYang—Mills theory

in theclassicallimit q —* 1. To guaranteethe right classicallimit onecan slightly
modify the representation(5) and considerthe casewhen insteadof a-Pauli

matricesthe generatorsE,, I = 1,2,3, of the q-deformeduniversalenveloping
algebraof su(2) in the Witten form [16] (see(8)) areused.

In this paperwe will showthat in somesensea minimal constructionconsists
consideringthe gaugepotential

A~(x)= A~(x)®E~, (7)

where areelementsof thequantumEuclideanspace.
This paperis organizedas follows. We startwith a discussionof algebras

of gaugepotentialsthatareinvariant underglobal SUq(2) transformations.In
section3 we find a connectionbetweenSLq (2) andSOq2 (3). The exponential
mapfor SOq2(3, C) actingon the quantumEuclideanspaceis presentedin sec-
tion 4. Thecommutationrelationsfor the quantumgroupsSUq(2),SLq(2) and
SOq (3,C) arecollectedin the appendices.

2. Thealgebrainvariantunderglobal SUq(2) transformations

We aregoingto considerin this sectionthe quantumgroupSUq(2).However,
for the sakeof generality,we dealwith SLq (2),havingin mindthat thereduction
to the caseof SUq(2) is allowedat anymomentsinceSUq(2) is the realform
of SLq(2).We startwith the noncommutativealgebrageneratedby 1 and three
symbolsE

0,E+, E modulothe relations

qE0E~— ~E~E0 =

!EOE~— qEE0 =

[E~,E] = (2/j~)(2E0—jç~2E~), (8,)

where q is a complexparameter,/1~2 = q
112 ±q”2, ~i = q + q~’.After

the appropriaterescalingofthe generatorsE
0, E+, E theserelationsreproduce
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the Witten-typealgebra Uq(sl(2)) [16]. So in the following we shall refer to
the relations (8) as the quantumalgebra Uq(sl(2)). (Note that relations (8)
are not isomorphicto thoseof the standardq-deformeduniversalenveloping
algebra [16].)

As wasshownby IsaevandPopovicz [15], thequantumalgebra(8) is invari-

ant underthe transformationE —~ E generatedby the formula

(9)

where

E— ((q/~t)Eo E~ (10)
— ~ E_ —(l/qjt)Eo

or

/ E~\ 1 /detq g + jibc —jiac pdb ‘\ /E
0 ‘\

E’~ = d —ba a2 —(I/q)b
2 J( E.~J . (11)

\ E~J etq g cd —qc2 d2 I ~E /
Heredetqg = 1 , g = (‘~~)E SLq(2), and all E, commutewith the entries
of g. Now we aregoing to considerthe transformation (9) at the level of the
peculiar matrix representationof Uq(sl(2)). The quantumalgebra Uq(sl(2))
hasthe representationby 2 x 2-matrices:

Eo=k(~~l~q2)~E+=~). E=~(?~)~ (12)

wherek = (1 + l/q4)~(l + l/q)2. E
0,E~,E~transformunder (11) as

E’ — k (detqg+jtbc —(l/q)jiac

° — det~g ~ —(l/q)j~db—(l/q
2)(detqg+ pbc)

E’ — k ( —ba (l/q)a2

+ — detqg ~—(1/q2)b2 (1/q2)a2
E’ k ( cd —c2

o = detqg ~ (l/q)d2 —(l/q2)cd (13)
The matricesE (if detq g = 1) also give the representationof Uq (sl(2)) but
their entriesareno longer numbers.Onecanfind the following

Proposition 1. There exists an element 0 e GLq(2) such that the transitions (13)

can be represented in the form

OE
1O~= K1E’.

Thereis no summationin thisformula and #co = I, K+ = q, K = l/q.

Proof Let g = (~~)e GLq(2). Introducea matrix 0

~_~_( ~a— — ~(l/~)b (l/~)d
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If a, b, c, d obeythecommutationrelationsdefiningGLq (2) thenthe entries011
also obey them.In additionwe have

detq0=011022—qOi2O2i=ad—qhc=detqg.

Thismeansthat0 E GLq (2) andthetransitionfrom g to0 is an automorphism
of GLq(2). The inverseof 0 hasthe form

= 1 ((l/~/~)d -(1/~/~)c

detq0 ‘~ —~~/~7h ~/iJa

Taking into accountthat detq0 is centralandusingthe commutationrelations
for GLq(2) (see appendixA), onecan checkthat

0E00~’ = detqO

~( ~a ~/~c’ ~(l 0

~(l/~)h (l/~)d) ~0 -l/q~J ~ -~h

=E~.

In the samemannerwe establish

0E~0
1 =qE’~, 0E

00’ = (l/q)E~.

Theproof is complete. E

Let A be a field taking valuesin the 2 x 2-matrix representationof L~(sl(2))
in the form (12):

A(x) = A°(x)® E~+ A~(x)® E~+ A(x) 0 E_.

Here the tensorproduct meansthat [A’, °kI] = 0. Then the existenceof the
matrix 0 enablesusto considerglobal transformationsgeneratedby theelements
of SLq(2):

A(x) OA(x)0’ = A’(x)O0EE0~

= A°(x)®E~+qA~(x)®E’~+ (l/q)A(x)oE~. (14)

Using the expansion of the basisE,’ over E1:

E,’ = c~1(a,b,c,d)E1,

we get the following transformationof the potentialsA’ under (14):

(AD’ \ (detqg + pbc —qba (1/q)cd\ (A° \
A~’ = —/iac qa

2 —c2 A’~ . (15)

~ A~’) detqg ~ j~db —b2 (l/q)d21 ~A~J
To give a meaningto the transformation(15) we haveto specifya set of fields
A’ thatwould be invariant underthe transformation(1 5).The simplestanswer
is given by
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Proposition 2. The relations

— (l/q)A~A°)=

~((l/q)A°A —qAA°) =

A~A —AA~= v~A0_JLjLA02, (16)

wherev isa complexparameter,j~ = q — l/q, are invariant underthe transfor-
ination (15) with detq g = 1.

The proofof proposition2 can be obtainedby straightforwardcalculations.

Recall that all A’ commutewith the entriesof g e SLq(2).
Of course,for anynonzerov the relations(15) are isomorphicto relations(7)

of the quantumalgebraU,.~,,(sl (2)). However,the relations (16) in contrastto
(5) allow oneto describea “smooth” limit v —~ 0, which producesthe relations

A~A°= q2A°A~, A°A = q2A~A°,

(17)

Theinvarianceof (17) with respectto (1 5) holdsandwecantreatthepotentials
A’ ascomplexnumbersin the “classical” limit, q —* 1. So in the caseq = 1 we
haveordinaryglobal transformationsin the Yang—Mills theory.

We would like to stressthat the useof 2 x 2-matricesE insteadof the Pauli
matrices(a = 1, 2, 3) allowsoneto considertheglobal transformationswithout
involving the field A2 0 1.

To constructan objectwhich would be invariant underglobal SUq(2) trans-

formation we needthe notion of q-trace[1,15]. If ‘q is the matrix ‘q = (1~q0)

then for any matrix A the q-trace,Trq, is definedby the formula

TrqA = Tr(IqA) = (l/q)A
11 + qA22.

If [g~J,Ak/] = 0 for any i,j,k,l, then the main property of the q-trace is the
following:

TrqA = TrqgAg’,

or, in other words, the q-trace is invariant under local transformations generated
by the elements g e SLq (2). One can see that under a local transformationthe
tensor ~ transforms as

~ (18)

Using the propertyof the q-tracewe find two invariantsunderthe transforma-
tion (18), Trq F~,.and Trq ~ When q ~ 1 andthe potentialsA~are non-
commuting,the former term,

TrqFpv = ~[A~0,A3] + A~A~]—q
2A~A~),

is non-zeroandwe haveatheorywith two coupling constants.
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3. The quantum Euclidean space

Now we aregoingto connectthe relations(17) with the quantumEuclidean

spaceO~(C), which is invariant with respectto theactionof thequantumgroup
SOq (3,C).

Let usbriefly recall the main definitionsrelatedwith SOq (3, C) [1]. The Rq
matrix associatedwith the quantumgroupB1 = SOq(3)has the form

R~= q~e,,0e,1+e22®e22+ ~ e,,®e11+
1~e,~0e,

1

‘:~�I’ i~j,j’ i~1’

1>1 i>j

where i = 1,2,3, e11 = = ~ I’ = 4—i, I’ = 4—j, Pt = P2 = 0,

p3 = —~. An explicit form of R~’asan elementof M3~3(C)is

qO 0 0 0 0000
01 0 0 0 0000
0 0 l/q 0 0 0 0 0 0

0 1 0 0 0 00

R~’= 0 0 —~i/~/~ 0 1 0 0 0 0
00 0 0 0 1 000
0 0 0 —,a/~/~j0 1/q 0 0

00 0 0 0 /10 10
00 0 0 0 0 0 Oq

R~’-matricesobeythe relations:

Rq = C1(R)~C~ = C2(R~)T2C~* (19)

Herefor a matrix actingon C
3 ® C3 the symbols T~and T

2 mean transposition
in the first and in the secondterm,respectively,C1 = C 0 1. C2 = 1 0 C, and
C is a matrix of the form

(0 0l/~
(0 1 0
\‘v/~ 0 0

The quantumgroup commutationrelationsaregiven accordingto the general
construction[11:

R(g®1)(log)=(l®g)(g®1)R, (20)

andtheir explicit forms arecollectedin appendixB. Equations(19) allow one
to imposethe additional relationson the entriesof the matrix g:

gCgTC~= CgTC_tg = 1. (21)
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It is suitablefor field theoryapplications[6] to assignan elementof SOq(3) as

a matrix g with entries g,1 belongingto somenon-commutativealgebraA with
quadraticrelations (20), (21).

The quantum Euclidean space O~(C) [I] can be treated as a set of three
operators

(xi
x = ( x2

\ x3

with the commutationrelations:

x1x2 = qx2x1, x2x3 = qx3x2,

x1x3—x3x1= ~ (22)

The naturalmatrix actionof SOq (3, C) on the quantum Euclidean space O~(C)
preserves the relations (22) and, moreover, the requirement of preserving the

relations (22) togetherwith thecorrespondingrelationsfor thedifferential forms
can be treated as a determining property of SOq2(3, C) [1,51. Turning back to
(1 5) after the identification

= (1/~)A~, x2 =A°, x3 = (1/~)A, (23)

and changing q -~ q
2 in (22), we see that the relations (17) coincide with (22).

In terms of x,, the transformation (1 5) (detqg = I) becomes

(x~’\ / qa2 —~/jiac _c2 \ (xi \
x J = ( —q~/Uba1 -~-pbc(1/q)~,’7icdj( x

2 J , (24)
\x~J \, —b

2 .~,/7idb (l/q)d2 / \x
3J

andwe may assumethat the matrix

/ qa
2 —~/~iac —c2 ~

P = ( —q.,/jiba 1 + /lbc (l/q)~/~cd (25)
\ —b2 ~/iidb (l/q)d2 /

belongsto SOqz(3,C). This ensuresthe validity of

Proposition 3. The matrix P oftheform (25) with a, b, c, d beingasdescribed
in appendixB belongsto SOq2(3,C).

Proof Using the commutationrelationsfrom appendixA onecaneasilycheck
the fulfillment of the commutationrelationsfor SOq2(3,C) (see appendixB)
andthe additional relations (21).

Thus on the one hand (24) is the action Of SOq2(3,C) on the quantumEu-
clidean space and on the other it can be considered as the adjoint representation
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of SLq(2,C).Thereforewehavein some sense theq-analogof the classicaliso-
morphism:

SL(2,C) SO(3,C)/Z2. (26)

If q is real then for SLq(2,C) and SOq2(3,C) there exist *-involutions defining
the real forms, SUq(2) and SOq2(

3,Il~), accordingly. Note that the found em-
bedding SLq(2,C) C SOq2(3,C) is not compatiblewith the *-involutions and
thereforebreaksdownfor the realforms.

Concludingthis sectionwe would like to point outa connectionof Trq anda
metric on the quantumEuclideanspace[1] of gauge potentials.

Theexplicit form of the gaugefield A,~is
A — A1 ®E — ( A~ (l/q)A~

p — p ‘ ~(l/q)A~ -(1/q2)A~

Thenwe have

TrqAp = 0,

TrqA~ = (,u/q2)L~,

where L,. = A~A~+ (l/q2)(A~)2and the relations (19) were used.On the
other hand, introducing a vectorS

(A~

\ A~

onecancheckthat
Yp~CqYp= (/1/q2)L

11, (27)

where

1 (0 0 1/q
Cq~(0 it 0

q \q 0 0

In addition,the action (17) preservesthis quadraticform (27), sowe canregard

Cq as the metric on the q-deformedspaceof gaugepotentials.
Notethat L~is the Casimiroperatorof the quadraticalgebra(19), i.e.,

[L~,A~J = 0

for any i.
Thus we find the connection:

TrqA~ = YpTCqY0.

4. The exponential map for SOq2(3, C)

Since the exponentialmaps for SUq(2) and SLq(2) are known [6,17], the
above mentioned embedding of SLq (2) in SOq2(3,C) gives a hint how to find
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the exponentialmapfor SOq2(3,C).
Let g be an elementof SLq(2,C)andL be a matrix of the form

L (lo 1~
~Lkl0

wherek is an arbitrarycomplexparameter.A pair of g andL is calleda (g,L)-
pair if the following relationsaresatisfied:

l0a = —(l/k)alo, l~a= (l/q)al~, La = (l/q)aL,
l0c = —(l/k)clo, l~c= (1/q)cl~, Lc = (l/q)cL, ~28
l0b = —(l/k)b10, l~b= qbl~, Lb = qbL,
10d = —(l/k)dl0, l~d= qdl~, Ld qdL.

Define the quantumsuperplaneby the relations:

l~=0, l~=0, l~=0, (29)

LI0 + kl0L = 0, l~l~+ kl~l0= 0, Ll~ = q
2l±L.

We knowthat for a given pair (g,L) andmatrix L parametrizedby elementsof
the quantumsuperplanethe elementge”- for any real t also belongsto SLq(2)
and has the form

= (30)

a(t + ~t3l~L)l
0 talk + kb(t + ~t

3Ll~)l
0

+a(1 + ~t
2l~L) + tbL +b(l + ~t2Ll+)

c(t + ~t3l~L)l
0 tcl~+ kd(t + ~t

3l_I+)lo

+c(l + ~t2l~L) + tdL +d(l + ~t2LI~)

Proposition 4.If P E S0q2(3,C) is the matrix (25) and the parameterk in the

relations (28), (29) equals—1, thenthe elementP(t) = A(t)P with

A(t) = etS, (31)

/ 2l~ —../JII_ 0
S= —f/Tiql~ 0 (l/q)~/jiL J , (32)

\ 0 ~/jil+ —21o /
alsobelongsto SOq2(3,C).

Proof Substitutingthe entriesof getL from (30) in the matrix P and using the

commutation relations (28) we get some matrix A(t) which in the case k = —

has the form (30). Let us fix k = —1; then the preservation of the additional
relations (21) may be shown explicitly by using the formula

P(t)T = (etSP)T = PTetS’
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where
(0 0 l/q

S’=—C1SC, C=(0 i o
\,q 0 0

Thenfor any real t the additional relationsaresatisfied:

P(t)CP(t)TC~ = etSPCPTe1S’C~= et5et(’5’~’= 1.

Now weseethat the exponentialmapfor a genericelementof SOq2(3,C) may

be constructedin the following way. Let us identify the entriesof the matrix P
with thoseof g ~ SOq2(3,C) (seeappendixC) anddefinethe matrix S by (32).
Let ussay that an (S,g)-pair is given if the commutationrelationsbetweenthe

entriesof S andg arejust the sameasbetweenthe entriesof S andP, namely,

[g~
1,lo]= 0, [g1~,l+I = 0,

[goi,l±]q±2 = 0, [g2i,l±l(i/q2)± = 0

Herewe havemadeuseof the q
2-commutator[A,B]q2 = AB — q2BA. If the

elementsof Sbelongto the quantumsuperplane,i.e.,the relations(29) aresat-

isfied (k = —1), then for any realt theelementetSg also belongsto SOq2(3,C).
Straightforwardcalculationscompletethe proof.

By rescalingtheoperatorsl~,1+, L, wefind theconnectionof thematrixSwith
the q-deformationof the three-dimensionalrepresentationof su(2) so(3):

/lo L 0
S=~ ql~ 0 (l/q)L =l

0T0+I+T+LT+.
\.0 —l~ —lçj /

The matrices

/1 0 0\ /0 1 0
To=(0 0 0 ), T±=(0 0 —l/q

\o 0 —1/ \~o0 0

/0 0 0
T_=(q 0 0

\~0 —1 0

representthe q-deformationof the three-dimensionalrepresentationof su(2).

5. Concludingremarks

In this articlewehaveendeavouredto developtheideathata gaugetheorycan
undergoa q-deformation.Onecan ask if is it any use trying? By q-deforming
a gaugetheory we aim to constructphysically reasonabletheories. In spite of
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the impressivesuccessof applicationsof gaugegroup ideasin the theoryof ele-
mentaryparticlesthereareseveralopen problemsin the theoriesbasedon the
standardYang—Millsgaugefields. Quarkconfinementin QCD, theadhoc intro-
duction of Higgsscalarsandthe difficulties with grandunification arestriking
examplesof suchproblems.Onecanthink that theseproblemsarenotonly tech-
nical but may be causedby the rigid framework of gaugetheorybasedon Lie
groups.Onecanhope thatsomemodificationof the notion of gaugefields may
help solve theseproblems.

Gaugefields are associatedusuallywith local gaugeinvariance.The model
consideredin this notegivesan exampleof a quantumgroup field theorywith
global invariance.

As wementionedbeforethemainobstacleinconstructinglocalquantumgroup

gaugetheory is to give a meaningto the local gaugetransformations

A .‘ A’ = gAg~+ gag’, (33)

sinceit is necessaryto addtwo elementsbelongingthe Lie algebraanalogof a
quantumgroup. In generalthis Lie algebraanalog is not an algebraand does
not possessan addition. However,onecan ignorethis problemandassumethat
the potentials belong to some algebra B andonly the stress tensor F~,.belongs
to some minimal set which is invariant under gauge transformations. From this
point of view the Lagrangian(6) with A~being the subject of the q-deformed
Euclidean space (22) is admissible.

The model (6) hasthe following distinguishedfeatures:

(i) it hasthe right classicallimit, q —~ 1, reproducingthestandardYang—Mills
theory;

(ii) since trq F~,.~ 0 the theory hastwo coupling constantsand the second
coupling constantdropsout whenq = 1.

Oneofthe authors(l.A.) is gratefulto theorganizingcommitteeoftheXXVIII
KarpaczWinterSchool for their warm hospitality andto I. Volovich for useful

discussions.

Appendix A. The commutation relations for SUq(2)

aa* + q2c*c = 1, (A.l)

a*a + cc* = 1, (A.2)

ca* = qatc, (A.3)

ac = qca, (A.4)

c*c = cc*. (A.5)
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Appendix B. The commutation relations for GLq(2)

A matrix g of the form g = (~~)is an elementof GLq(2) (q e C) if the
following commutationrelationsaresatisfied:

ab = qba, ac = qca, ad—da= (q— l/q)bc,

bc = cb, bd = qdb, cd = qdc.

Appendix C. List of commutation relations for the quantum group SOq(3, C)

A matrix g of theform

( ~oog
01 g02

g = ( ~io g11 g12
\g20 g21 g22

is an elementof GLq(2) (q e C) if the following commutationrelationsare
satisfied:

= qg01g00, ~otgo2 = qg02g01

g00g02 = q
2g

02g00, g01 gi0 = g10g01

g00g10 = qg10g00, go1 g2o = qg20g01

g00g20 = q
2g

20g00, g10g02 = qgo2gio,

go2gi1 = g11g02, g10g20 = qg2og~o,

g02g21 = qg21g02, g11g20 = g20g11

g02g20 = g20g02 g20g12 = qg12g20

g02g12 = qgi2go2 , ~i2~2i = g21g12

g02g22 = q
2g

22g02, g12g22 = qg22gi2,

g20g21 = qg21g20, g20g22 = q
2g

22g20,

g21g22 = qg22g21,

(l/q)g00g21 — g21g00 = (q — l/q)g2ogo~

g00g~2— qg12g00= (q — l/q)giogo2

~oi~ii —g11g01 = —(1/~/~)(q— l/q)giogo2,

g00g11—g1igoo=(q--l/q)goigio,

g01g12— g12g01 = (q — 1/q)g~igo2,

g2igoi—(l/q)goig2i = (1/~/~)(q—l/q)g20go2,

(l/q)g01g22—g22g01= (q— l/q)g21g02,

giigio — giogii = (l/~/~)(q— l/q)g0~g2o,
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g
10g21—g21g10 = (q— l/q)g11g20,

(l/q)g~og22 — g22g~0= (q — l/q)g12g20,

gi2gii —g11g12 = (l/.,/~)(q—l/q)g02g21,

g21g11 —g11g~i = (l/~/~)(q—l/q)g20g~2,
(l/q)g10g22—g22g10= (q— l/q)g12g20,

g11g22 — g22g1~= (q — l/q)g12g21

The missingcommutationrelationsbetweenthe elementsof SOq (3, C) may be
foundby combiningtheaboveoneswith the onesfollowing from the additional
equations(22).
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